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Past research by Harrison and Johnston on the stability
of pipe flow yielded only tenuous results owing to errors in
setup of the problem and in formulation of the complex axis
boundary conditions.
Recent advances in the formulation of these boundary
conditions and application of generalized stability criteria
allowed an accurate numerical solution to be made for angular
wave number zero. The results show that flow for this case
is characterized by certain instabilities that have not been
previously identified in linearized studies of this type.
A nonuniform computational mesh was developed which
provided dramatic reductions in computational time on a
limited basis.
Two data reduction programs were also developed to process
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C Constant in non-uniform mesh functions given




... Partial derivatives with respect to r.
* *2
D ,D , ... Partial derivatives with respect to n
.





e 9 Unit vectors along the x, r and axes in
cylindrical coordinates.
F,G,H Components of the velocity vector potential
defined in equation (2-6).
* *2
fll /f 22'"* Coef ficients of D Q, D Q, ... in equations (C-9)through (C-12) as defined in equations (C-13)
through (C-22)
.
i + /-1, the imaginary unit. Also used as an index
in Section III and Appendix D.
N The number of interior points in the finite
difference mesh of Section III.
Symbol denoting the phrase "of order".
Q The component of the velocity vector potential
derived from the component H by the change of
variable, H = rQ
.





U The streamwise velocity in Pipe Poiseuille Flow
as defined by equation (2-11)
.
u,v,w Components of the complex perturbation velocity
defined in equation (D-l)
.
W Complex vector potential of perturbation velocity
defined in equation (D-2)
x,r,9 Cylindrical coordinates.
a aR +ia . Complex wave number of the perturbation
in the x-direction.

3 in. Complex wave number of the perturbation
in the 9 direction, where n = 0,1,2,3, ...
5 1/(N+1). The r or n increment in the finite
difference approximations of the derivatives
of Q.
n The independent variable replacing r in the
nonuniform mesh of Appendix C.
Y Y R + lYr- Complex frequency of the perturbation
T The vorticity transport equation expressed




The components of V in cylindrical coordinates
as defined in equation (2-7)
.
A Mesh offset parameter as defined in equations
(C-32) and (C-40) .
V Linear vector operator (nabla)
x Vector cross-product operator.
[ ] Brackets enclosing a matrix.
{ } Brackets enclosing a column vector.

I. INTRODUCTION
The problem of finding an analytical solution to the
pipe flow stability problem has been pursued actively ever
since the classical experiments of Osborne Reynolds [10]
about 100 years ago. Up to now, however, no investigation
has been able to satisfactorily predict flow instabilities,
although many approaches have been taken.
Salwen and Grosch [11] studied pipe flow with various
angular wave numbers and sinusoidal streamwise perturba-
tions and concluded that it was stable for all axial and
angular wave numbers. Perturbations with exponential
growth in space but a purely sinusoidal time variation were
researched by Garg and Rouleau [2] and those with both
exponential growth in space and in time by Gill [3] . Both
concluded that the flows were stable.
Because of this inability of linear theory to account
for experimental fact, explanations by Davey and Drazin [1]
involving finite disturbances and by Huang and Chen [5]
and Leite [7] involving conditions at the pipe entrance have
been offered. While these investigations have indeed shown
instabilities to exist, a completely general solution to
the linear problem has never been achieved.
Recently a more general theory was presented by Harrison
[4] and further investigated by Johnston [6] . These two
studies, however, failed to produce conclusive results due

to mathematical errors in the problem setup and inadequate
formulation of the boundary conditions at the axis . Gawain
[9] has subsequently formulated the axis boundary conditions
in a new way which corrects the previous discrepancies and
promises further advances.
For angular wave number, n, equal to zero, radical
simplifications result in the governing equations (Section
II) , indicating that this case should be approached first.
This investigation centers on that case.
Preliminary checks using the computer program of Ref . 6
revealed that, of the two eigenfunctions , G and H, which
occur in this problem and which are uncoupled for n = , the
latter appeared to be the more critical. Hence the present
research was arbitrarily restricted to investigation of the
stability of eigenfunction H. A similar study of the other
eigenfunction, G, for n = remains to be completed at some
future time. Comparable calculations for other wave numbers
(n = 1,2,3, ...) also remain to be accomplished in the future.
Extensive and systematic calculations of this type will be
essential to provide the factual basis for a comprehensive
theory of pipe flow stability.
Reverting to the case at hand, eigenfunction H for wave
number n = 0, we note that the program of Ref. 6 was rewritten
for this case, incorporating the newly formulated boundary
conditions of Ref. 9. In addition, a new, generalized
stability criteria was adopted. Moreover, a new technique
was introduced which allows the use of nonuniform meshes
to reduce computational time.

Lastly, two data reduction programs were written to
process data produced by the main investigative program,
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II. THE VORTICITY TRANSPORT EQUATION
Although a complete treatment of this subject is con-
tained in Appendix A of Ref . 4 and further addressed in
Ref. 6 and Ref. 9, it is felt that a brief overview is still
required here to maintain continuity with previously
referenced works. This discussion is an abbreviated
version of Section II of Ref. 6.
Laminar flow of an incompressible fluid of constant
viscosity is governed by the Navier-Stokes equation and
the continuity equation. Taking the curl (V x ) of the
Navier-Stokes equation and introducing a perturbation
velocity (v) and vorticity (co) gives the vorticity trans-
port equation which is equation (A-10) of Appendix A,
Ref . 4 .
Expressing this equation in terms of the complex
velocity vector potential, W, gives
W(x,r,9,t) = (e F(r) + e G(r) + e„H(r) )eX (2-1)
x r y
where
X = ax + 30 + yt (2-2)
and
v = V x w (2-3)

0) V x v . (2-4)
It should also be noted that, as shown in part one of
Appendix G in Ref. 4, a and y are complex while 3 is a
purely imaginary quantity defined by
3 = in n = ,1, 2
,
(2-5)
When expressed in the form of equation (2-1) , the
vorticity transport equation becomes three simultaneous

























































where r appears to be a set of three coupled equations in
the components of W. As given in Appendix B of Ref. 4,
equations (2-7) actually represent only two independent
conditions and by an appropriate linear combination of
T^ and r
g
, equations (2-6) can be expressed as a set of
two equations in three unknowns. The appropriate linear
combination is given in Appendix B of Ref. 4 and yields
the set of equations
in
=
r + ar ax 9
(2-8)
=
Except for the case where n is equal to zero, equations
(2-8) do not uncouple. The linear combination given by the
second of equations (2-8) does, however, reduce the highest
order derivative of G(r) in equations (2-6) to second order.
Appendix C of Ref. 4 illustrates the redundancy of the three
components of W, allowing one of these components to be
arbitrarily set to zero for all r. The maximum benefits
of equations (2-8) are obtained if
F(r) = (2-9)

Incorporating equations (2-8) and (2-9) into equations











































where the coefficient matrices are given by equations (2-10)
through (2-17) of Ref. 6. It is appropriate to note that
these same coefficient matrices appear in Ref. 9, equations
(Al) through (A9) , in a slightly different form resulting
from the substitutions





T = aU - ^-(a + £j) (2-13)
As discussed in the previous section, the case where
3 = in , n = (2-14)
15

leads to great simplifications in equations (2-10)
,
(2-12) and (2-13) . In particular, equations (2-10)
uncouple and allow an independent investigation of either
H or G. As a result of the findings discussed in Section I,
it was decided to explore the function H only. This reduced
equation (2-10) to that of equation (A-6) of Appendix A,





Substituting the change of variable H = rQ as given
in equation (A-l) and the coefficients defined in equations






D Q + M
3
D 3Q + M
2
D
2 Q + M,DQ + MgQ
- Y[N
2
D 2Q + N
1
DQ + N QQ] = , (3-1)
which is a homogeneous fourth order differential equation
in Q(r) . The boundary conditions for this case are




DQ ( ) =
D
3Q(0) = .
The boundary finite difference equations derived in Appendix
B from equations (3-2) , along with the standard central
difference equations given in Ref. 6, allow the function Q(r)
to be approximated by a finite number of discrete unknowns.
As shown by Figure 3-1 below, the non-dimensionalized













Figure 3-1 Finite Difference Mesh
computational mesh consisting of N interior points, N+l
intervals, and N+2 total points, including the boundary
points at r = 1 and r = 0. As will be discussed later,
the spacing between these points may or may not be uniform.
For the uniform case, the spacing is defined by
5 = 1/(N+1) . (3-3)
For the nonuniform case, a change of independent variable
is performed. The spacing of the new independent variable,
n / is still given by equation (3-3)
.
With a nonuniform mesh, the points shown in Figure 3-1
will be concentrated near the axis or near the wall according

to the type of offset specified. These effects are dis-
cussed in detail in Section IV.
Substitution of the finite difference equations of
Appendix B into equation (3-1) results in a set of N,
linear, algebraic difference equations in terms of the
unknown value of Q at each of the N interior points of
the computational mesh. Since each of these equations
is of the form of a linear combination of the ith, central,
point and the two, three or four adjacent points (depending
on the order of the derivative being approximated) , this
system of equations consists of a coefficient array multi-
plying a vector containing the unknown value of the function
Q at each of the N interior points. This technique allows
the problem to be converted into an eigenvalue problem of
the form
[X] {Q} - y[Y] {Q} = (3-4)
with the basic composition of the arrays [X] and [Y] and
the vector {Q} as illustrated in Figure 3-2 below.
It should be noted at this point that Figure 3-2 differs
somewhat from the normal finite difference banded matrix in
the first two rows and last row because of the method of
deriving the finite difference approximations at the boun-
daries. Additionally, the order of the N unknowns has been







• • • • Qai-1
• • • • Qn
Figure 3-2 Basic Composition of Coefficient
Arrays and Vector of Unknowns
This array is established by the subroutine MSET2 in
conjunction with the subroutine MSET1 and function sub-
programs CQM1E1 and CQM2E1, which compute the numerical
value for each element in the array. Subroutine MSET1 pro-
vides the coefficients given by equations (A-ll) through
(A-18) of Appendix A or by equations (C-24) through (C-31)
if a nonuniform mesh is specified. Function CQM1E1 then
computes the values for each of the elements of array [Xl
in equation (3-4) using the coefficients passed from sub-
routine MSET1 in vector CQM1 . Function subprogram CQM2E1
performs the same function for matrix [YJ in equation (3-4)
using the coefficients passed in vector CQM2
.
The solution of the eigenvalue problem as formulated
to this point is carried out by the controlling subroutine
of program PIPED/ subroutine STAB, by the following steps:
1) Subroutine MSET2 is called twice to set up the coeffi-
cient matrices [Xj and [Y] of equation (3-4)
.

2) Subroutine CDMTIN is then called to invert matrix
[Y]
,
the second coefficient array in equation (3-4).
CDMTIN was obtained from the IBM Library routine
CMTRIN by modifying it to accept double precision
arrays
.
3) Both coefficient arrays, [X] and [Y] , are then pre-
multiplied by [Y]~
. Since multiplication of an
array by its inverse invariably results in the
identity matrix, [I], only the product [Y] _1 [X] is
computed using subroutine MULM. This converts the
eigenvalue problem of equation (3-4) to the more
conventional form
([Z] - yEU) {Q} = (3-5)
where
[Z] = [Y]" X [X] (3-6)
4) Since all programs currently available for solving
equations (3-5) require that the real and imaginary
parts of the elements of [Z] be presented in separate
arrays, subroutine DSPLIT is called to accomplish
this .
5) The eigenvalues and eigenvectors of equations (3-5)
are computed using subroutines EBALAC , EHESSC, ELRH2C
and EBBCKC which are available through the International
21

Math and Statistics Library. Subroutine EBALAC
balances matrix [Z] by equalizing the exponents of
all terms. The details of this transformation are
retained for later use. The balanced matrix is then
passed to subroutine EHESSC where it is reduced
into the complex upper Hessenberg form. Subroutine
ELRH2C then solves for the eigenvalues and eigen-
vectors. To transform the eigenvectors back into
the original unbalanced form, EBBCKC is finally
called using information passed from subroutine
EBALAC
.
For each solution, subroutine STAB determines the
least stable eigenvalue (largest algebraic value) and
then writes the values of N, R , a , a , A, Y RIy Y IL
and KSET to file FT02F001. The eigenvector corres-
ponding to the least stable eigenvalue is also written
to FILE FT02F001 when MODENO is set equal to one.
Control of subroutine STAB is accomplished by the
main program, PIPED. This program is a time-sharing
(CP/CMS) program. Modes one and three compute the
stability of the flow for a given set of input con-
ditions. Mode one writes the least stable eigenvector
to FILE FT02F001 while this output is inhibited when
MODENO is set equal to three. To generate data for
program EIGFCN, program PIPEO must be run with
MODENO equal to one.
22

Mode two operation generates a grid of stability
values (stability map) based on parameters read in
from FILE FT01F001. Due to the long run time in
this mode, only small meshes can be generated under
CP/CMS. Longer runs must be accomplished under batch,
with changes to the program as specified in the comments
section. Data is output to file FT0 3F001 when MODENO
is equal to two and is compatible with program STBCONT.
The plotting programs EIGFCN and STBCONT were used
to process the data generated by program PIPEO in
modes one and three, respectively. Program EIGFCN
generates normalized plots of the perturbation velocity,
u, as a function of radius, r. The perturbation
velocities generated in accordance with Appendix D
were normalized in two steps. First the perturbation
velocity of largest magnitude was determined. Letting
this velocity be termed u , a normalizing constant
producing unit magnitude and zero phase angle in u








Ci^ = 1 + i(0) (3-8)
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where C is the normalizing constant. Thus,
c = L =
URC " uic
unr + iu.. .2 2. U yjRC lC (U








is the complex conjugate of up .
The nondimensionalized radius values were taken
directly from the data cards for uniform meshes or
computed from equations (C-32) or (C-40) in the case
of a nonuniform mesh.
Program STBCONT plots the stability contours against
a R and a,.. The stability map generated by program
PIPEO is searched columnwise and rowwise for sign
changes for each of the three stability criteria
discussed in Section V and Ref. 9. The points are
then plotted, producing contours of incipient, criti-
cal and fully developed instability and areas that
denote stable flow and subcritical, supercritical and
hypercritical instability.
Both programs, EIGFCN and STBCONT, utilize the NPS
VERSATEC plotter, certain built-in VERSATEC sub-
routines, and subroutine PLOTG. These routines are





Since an understanding of the term stability is necessary
to interpret the results of this investigation, a brief
discussion is presented here. A complete discussion of
the generalized criteria of stability is given by Gawain
[91.
The characteristics of the flow for the case n = are
set by the parameters R and a. For fixed values of these
parameters, the solution of equations (3-5) is a set of N
eigenvalues, y, and their corresponding eigenvectors, Q.
As can readily be seen from equation (2-1) , the value of
the real part of the complex eigenvalue y will determine
the growth or decay rate in time of the perturbation. Since
positive values of the real part of y represent an exponen-
tial growth rate in time, the most important y is the one
having the largest algebraic value for its real part. This
root is termed the least stable root and will be represented
by the symbol y_. T . As the stability represented by y dt isKL K-Li
that seen by a fixed observer, it is not the most general
criterion. As derived in Ref. 9, a more appropriate stability
criterion is that based on an axis system moving at the
average volumetric velocity of the flow. This criteria is
*








For this and subsequent discussions, the subscript will be
*
dropped and y will refer to the quantity defined by
equation (4-1)
.
Three stability cases arise from this
equation. The first is termed incipient instability and
is defined by
Y = "|aR | • (4-2)
The second case, termed critical instability, is given by
Y = (4-3)
and, lastly, the case termed fully developed instability
is said to exist when
Y = + |aR | • (4-4)
The transition from stable flow to fully developed
instability is progressive and several distinct stages are
given in Ref. 9 to describe this transition. The region
from incipient to critical instability is termed subcriti-
cal instability, that from critical instability to fully
developed instability is called supercritical instability
while that beyond fully developed instability is termed
hypercritical instability.

B. PERTURBATION VELOCITY PLOTS
Initial investigation of the function Q was centered
around plotting its appearance in the region of interest.
A Reynolds number of 1150 (2300 based on diameter) was
chosen as this value is generally accepted as the nominal
value for transition to turbulent flow. The value of a was
set at -0.5 + i 10.0 for the major part of the investiga-
tion as preliminary checks revealed that supercritical
instabilities were present for this value. A secondary
Reynolds number of 4000 was chosen to show trends.
The quantity chosen as the most realistic and represen-
tative of the eigenfunction Q is the axial perturbation
velocity, u. This quantity was derived from the elements
of the least stable eigenvector as outlined in Appendix D.
Initially, R and a_ were held fixed and ct D was varied
over a range of positive and negative values. For values
of aR below about two, the normalized perturbation velocity
was found to have all activity near the axis with a decay
essentially to zero by r = . 3 . A typical plot of u versus
r for an &„ in this range is shown in Figure 4-1. When
a was made sufficiently positive, the plot changed signi-
ficantly in both appearance and region of activity. Figure
4-2 shows a plot of u for a R = 2.5. The activity can now
be seen to be concentrated near the wall, with most of the
activity occurring at r values greater than 0.7.
Although no particular relationship between the nature
of u and the stability of the flow was evident or expected,

the plots were nevertheless valuable as indicators for
various parameters involved in the investigation.
First, as can be seen by the differences in Figures
4-1 and 4-2, the plots were ideal indicators of changes in
the nature of the function Q. Secondly, the adequacy of
the mesh could be directly observed by noting the number
of points defining the curves in regions of high activity.
Figures 4-3, 4-4 and 4-5 show the same conditions as
Figure 4-1 but with decreasing number of mesh points, N.
Lastly, the effects of nonuniform meshes could be observed
as will be discussed later in this section.
C. STABILITY CONTOUR PLOTS
The principal results of this investigation are shown
in Figures 4-6 and 4-7. Although these two figures pertain
to only a limited portion of the complex a plane, they do
represent a significant advance in the investigation of
pipe flow stability. As can be seen in these figures, the
flow is characterized by regions of differing stability,
ranging from stable through supercritical instability. Note
that these two figures correspond to Reynolds numbers of
1150 and 4000, respectively. This is a result that has
not, to this writer's knowledge, been heretofore achieved
by a linearized analysis of fully developed pipe flow. The
figures also show that, as has been born out by previous
investigations, flow for purely sinusoidal oscillations
(a =0) is stable. Additionally, a comparison of Figures 4-6
28

and 4-7 shows the effect of Reynolds number on the flow
stability. It is clear from this comparison that an increase
in Reynolds number reduces the size of the stable regions
in the complex a plane; in other words, stability decreases
with increasing Reynolds number. This trend agrees with
our general experience pertaining to fluid flow. Lastly,
the effect of the real and imaginary parts of the wave
number a can readily be seen. For a_, increasingly nega-
tive values produce successively greater levels of instability.
While a contour plot was not produced for positive values
of a
,
point checks of stability in this region suggest
that somewhat similar contours exist in the right half-
plane also. For a , increasing values produce increasing
stability. This effect is also more pronounced at the lower
Reynolds number.
D. NONUNIFORM MESK EFFECTS
One of the difficulties in this investigation was the
relatively long computing time required to obtain an accurate
solution, especially when operating under CP/CMS (time-sharing)
The major factor controlling computing time was the number
of interior mesh points, N. As an example, an increase in
N of 50 percent resulted in a fourfold increase in computing
time. Therefore, the desired objectives of rapidity and
accuracy were in direct conflict. Additionally, follow-
on investigations for values of angular wave number n other
than zero involve matrices twice the order required for this
case because of the coupling of equations (2-8).

For these reasons, a nonuniform mesh was developed
to obtain increased accuracy at lower values of N. The
nature of the velocities as seen in Figures 4-1 and 4-2
shows that a high degree of resolution in the computational
mesh is only required in the vicinity of the axis (a_ less
than about 2) or the wall (a greater than about 2) . It
was therefore theoretically possible to redistribute the
points at moderate values of N to attain resolutions equiva-
lent to much finer (and more time-consuming) uniform meshes.
As can be seen from Figures 4-8 and 4-9, the value of
Y varies with the number of mesh points, N. Theoretically,
each of these curves would approach some limiting value
if N were increased without bound, and it is this theoreti-
cal limit that represents the required solution. In prac-
tice, it is adequate to approximate the unknown limit by
a point that lies on the relatively flat portion of the
curve at a value of N which is practically attainable and
which does not involve a prohibitively long computing time.
It has been found in this investigation that N = 79 ful-,
fills these conditions.
The conversion to a nonuniform mesh involved a change
of independent variable and the introduction of an analyti-
cal function to control the distribution of the mesh points.
The details of these steps are given in Appendix C. By
varying the mesh offset parameter, a, it was possible to
*
vary y over a wide range. To determine when the high
30

accuracy solution (N = 79) and the nonuniform solutions
were approximately equal, y was plotted versus A for fixed
values of R
e
, a and N with the value of y for N = 79 as
a reference. Figure 4-10 shows a plot of this type for
N = 31. The appropriate value of A can be seen to be
approximately 1.1. Figure 4-11 is the perturbation velocity




and a as Figure 4-1. Note that the y values are equal
for these two figures. While the resolution of Figure 4-11
is not quite as fine as that of Figure 4-1, a comparison
of Figure 4-11 with Figure 4-5 makes the improved resolu-
tion obvious. Figures 4-2 and 4-12 are similar to Figures
4-1 and 4-11 except that a wall offset was used. Note that
for this case A = 1.2, which points to a drawback of the
nonuniform mesh, that of dependence on input conditions.
While a check of A dependence on a was not made, it most
probably exists. There is also, however, the possibility
that for small regions of the complex a plane, the varia-
tions in A are small enough to allow an average value of
A to be nearly optimum for the entire region. While not
used for the main results of this study, the method as
developed here may well prove to be of maximum utility in
follow-on investigations of higher angular wave numbers.
E. NUMERICAL ACCURACY
To ensure that the solutions presented here were of
sufficient accuracy, two separate checks were made. The

first, y dependence on N, is the most commonly used
criterion.
For a solution to be accurate, it should be virtually
independent of mesh fineness, that is, of N. The required
magnitude of N for an accurate solution was found by plotting
*
Y against N. Figures 4-8 and 4-9 both show that the
solution is well converged for N = 79 at Reynolds numbers
*
of 1150 and 4000, as y changes by only .001 to .003
from N = 31 to N = 79 for both values of Reynolds number.
The second verification of the solution, so obvious
that it is sometimes overlooked, involves simply substi-
tuting the numerical solution (least stable eigenvector)
into the governing equation to ensure that it is indeed
being satisfied. A short program was independently written
to check the finite difference representations of equation
(3-1) at the first and last interior stations and at a mid-
radius station. Initial checks of numerical solutions
yielded unsatisfactory results and led to the discovery of
various programming errors. In particular, it was dis-
covered that four double precision constants in the finite
difference approximations were lacking the required "DO"
exponent. Elimination of these seemingly trivial errors
resulted in a surprising four order-of-magnitude improvement
in the accuracy of the solution, with the left side of
-4 -8
equation (3-1) improving from order 10 to order 10
It is instructive to note at this point that the order
of magnitude of the left side of equation (3-1) is not the
32

true measure of its satisfaction. A more correct procedure
is to compare this value with the largest term in the equa-
tion. When examined from this viewpoint, the relative
error for solutions at R = 1150 and R = 4000 are found to
e e
-11
-12be of order 10 to 10 , a very satisfactory result.
Therefore, by these results, the solutions presented
here are both virtually independent of N and satisfy the
governing differential equation to a high degree. The
efforts expended to reach these conclusions were well
worth the result and also point out that attention to detail
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V. CONCLUSIONS AND RECOMMENDATIONS
The implementation of the newly developed boundary
conditions of Gawain [9] has permitted a stable, numerical
solution to the linearized vorticity transport equation.
The results of the numerical solution are presented in
Section IV and show that the stability of pipe Poiseuille
flow is governed by the three parameters, a D , a T and R .
In particular, both positive and negative values of a D ,
that is, streamwise growth and decay in space, if suffi-
ciently large, produce unstable growth rates in time. This
result is new and it is consistent with the known experi-
mental fact that transition to turbulent flow depends not
only on Reynolds number but also on the general character
of the perturbations which exist in the flow.
The perturbation velocity plots of Section IV represent
the first practical look at the function Q. These plots
were valuable indicators for adequacy of mesh fineness,
that is, N, changes in the nature of the function Q and
effects of a nonuniform mesh.
No instabilities were discovered for purely sinusoidal
perturbations (a„ = 0). This is consistent with the
R
previous investigation of Ref. 11, but should not be
assumed for investigations of other angular wave numbers,




Adequate numerical accuracy was proven by demonstrating
that the solution was virtually independent of the number
of mesh points, N, and that it satisfied to a high degree
an independent check of the governing differential equation.
This procedure should also be carried out in future inves-
tigations prior to conducting full scale data runs.
This study suggests that similar, and perhaps even more
rewarding results will be obtained for the higher angular
wave numbers. Although lengthy, programming is straightfor-
ward if approached systematically. The general organization
of the programs of Ref . 4 or Ref. 6 should be helpful in
this task. It is recommended that the case for n = 1 be
undertaken as a follow-on to this study.
The nonuniform computational mesh was shown to be a
powerful tool in the reduction of computational time. At
the same time, however, the dependence of the mesh offset
parameter, a, on input conditions needs to be investigated
further to realize the full potential of this technique.

APPENDIX A
DERIVATION OF VQRTICITY TRANSPORT EQUATION COEFFICIENTS
From the change of variable introduced in Ref. 9, the
function H for the case n = is expressed by
H = rQ (A-l)
Taking derivatives














4 Q + 4D 3 Q (A-5)
Let the '*' superscript denote element (2,2) of
matrices (Al) through (A9) of Ref. 9. Since for n = 0,
















DH + MQ H
*n 2w + 1ST *DH + Nn*Hl = (A-6)- y [N 2 D H N x
H]




{rD 4Q+4D 3Q} + M
3














Before proceeding further, it should be noted that the
Ref . 9 matrices from which the coefficients for equation
(A-7) were taken were obtained from matrices (2-10) through (2-17)
of Ref. 6 by means of the following substitutions:
U = 2(1 - r 2 ) (A-8)
n
2
t = a ~ (A-9)
r
T = aU - j^(a 2 1) (A-10
e r
Defining the new coefficients for equation (A-7) as M~













Mn = 3M,* + rM
*
= raU - ^{ 3r+2a 2 r} (A-13)
2 3 2 R
e
r
M = 2M * + rM * = 3aU + ^-{^kr-la
2
} (A-14)
' 1 2 1 Re r
^
4
M„ = M* + rM * = ra 3U - ~-^ (A-15)10 R
e









= " 3 (A-17)
N = N
l
+ rN0* = ~°-2t (A-18)
Upon making use of the foregoing substitutions, the
governing relation can finally be reduced to the form




Improved finite difference equations for the boundaries
were obtained by not using the virtual point method of
Ref. 4 and Ref. 6 and deriving the forms directly from the
boundary conditions of Appendix A. The equations thus
formed are also of consistent order truncation error,
significantly improving the accuracy of the solution [Ref. <
Because of a peculiarity in the form of the consistent
second order truncation error equations at the axis, a
singularity resulted for a equal to zero. Consistent third
order truncation error equations eliminated this problem.
From Appendix A, the axis boundary conditions are
DQ(0) = and D 3Q(0) = (B-l)
Representing Q by a power series and applying equations (B-l
yields
2 4 5
Q(r) = Q(0) + D 2Q(0)|y + D 4 Q(0)jy + D 5Q(0)|y
- 6
+ D
bQ(0)|y + ... (B-2)




















































































































Let [A] and [B] denote the coefficient matrices of equations
2 2
(B-3) and (B-4) respectively. The values of Q(0), <$ D Q(0),
6
4D 4 Q(0) / 5 5 D 5 Q(0) and o
6
D

































The last line of this set of equations gives
D





) + 06 (B-7)
To solve for D Q{5) , the rightmost column and bottom
row are eliminated from matrices [A] and [B] then these
new matrices are inserted into equations (B-5) and (B-6).

The bottom line of equation (B-6) will now give the
3
expression for D Q(5) with a consistent third order
2truncation error. D Q(5) and DQ(6) were solved for in a
similar manner.
D Q(5) = -~(1.825165563Q
1





) + 05 3 (B-8)
°2q " 3 (- If Q l + IT Q 2 + JO Q 3 ) + °63 (B " 9)
o
DQ = J { ~ I Q l + f Q 2 } +
0&3 (B-10)
Due to the complexity of the boundary conditions , it
was decided that consistent third order truncation error
equations should also be used at r = 25. For this the [B]
matrix only need be changed as equation (B-2) is unchanged
at this station. The new matrix [B] is formed by differ-
entiating equation (B-2) and making the substitution r = 25.
Proceeding as for r = 5 gives the following finite differ-
ence approximations
D


















Q( 26) . ^11^ . 28^
2
+ 19^, +Q6 3 (B_ 13)
DQ(26) = |(- ^Q 1 + |q2 ) + 6 3 (B-14)
It should also be noted that the value of Q at r = may











) +0<5 3 (B-15)
The central difference equations given by Ref. 6 were
already consistent second order truncation error equations
as confirmed by Ref. 8 and were retained.
For the wall, the clamped end, consistent second order
equations (5) through (8) of Table II, Ref. 8 were modified
for the "right boundary" using the procedure given in Section
5 of that reference.
D
4Qd-6) = tt<- l%_3 + X-2 - 9Vl + 16qn ) + °* 2
(B-16)
D




2Q(l-5) = -%<QN-i " 2<V + °
62 (B" 18)
5
DQ(l-o) = |(- §QN-1 ) + 06
2 (B-19)

Since the wall finite difference approximations were
of only second order truncation error, the approximations
4for DQ through D Q at r = 1-26 were obtained directly from
the central difference equations with Q(l) = 0.
D








-% (QN-2 - 2%-I + QN } + °
62 (B " 22)




To control the distribution of a fixed number of mesh
points, a change of the independent variable from r to n
was performed.
Q = Q(n> (C-D
r = r(n) (C-2)
The derivative with respect to r becomes
D = (D*r) 1D* (C-3)
where
D* = J- and D = %- (C-4)dn dr




D Q ( c ~ 5 )
D
2Q = D(DQ) = (D r)
-1
D (DQ)






Q = D(D 2 Q) = (D*R) _1D*(D 2 Q)
= (D r) °D °Q - 3(D r) * (D r)D ^Q
- [(D r) (D r) - 3 (D r) D (D rr]DQ (C-7)
D
4Q = D(D 3Q) = (D*r) 1D* (D 3 Q)
*
-4 *4 *_c*o *t
(D r) *D H Q - 6(D r) 3 (D r)D JQ
+ [15(D*r) 6 (D* 2r)-4(D*r)" 5 (D* 3 r) ]D* 2 Q
- [15(D*r)~ 7 (D* 2 r) 3 - 10 (D*r)
"
6 (D* 2 r) (D* 3 r)
+ (D*r)" 5 (D* 4 r) ]DQ (C-8)
The derivatives of Q with respect to r can now be written
DQ = flxD Q (C-9)
D
2





Q = f 33 D*
3
Q + f 32D





Q = f 44 D
* 4
Q + f 43 D
* 3
Q + f 42D
*









f 22 " (D r) (C-14)
f
21 = -(D*r)"
3 (D* 2 r) (C-15)
f








4 (D* 2 r) (C-17)
,
*
-5 *2 2 * _4 *t
f
31 = 3(D r)
D (D r) Z - (D r) 4 (D J r) (C-18)
f 44
= (D r )" 4 (C-19
f43 = -6(D*r)~
5 (D* 2 r) (C-20
f 42 = 15(D*r)~
6 (D* 2 r) 2 - 4 (D*r) 5 (D* 3 r) (C-21.
f 41 = -15(D*r)"
7 (D* 2 r) 3 + 10 (D*r) 6 (D* 2 r) (D* 3 r)
- (D r) 3 (D r) (C-22)
Substituting equations (C-9) through (C-12) into the
vorticity transport equation (A-6) yields
**4 * * o **2 * * *
M D Q + M D Q + M
2


















































f 21 < C
" 27 >
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In order to concentrate the mesh points at the axis, the
function
r = 1 - C tanh A(l-n) (C-32
was chosen where X is a parameter controlling the degree
of concentration of mesh points near the axis. Equation




- at n = (C-33;
and
r = 1 at n = 1 .
Substituting equation (C-33) into (C-32) gives
C = 1/tanh A . (C-35)
Computing derivatives
* 2
D r = CA/cosh A (1-n) (C-36)
D
2
r = 2CX 2 [tanhA (l-n)/cosh 2 A (1-n)
]
(C-37)
D 3 r = -2CA 3 { [l-2sinh 2 A (1-n) ]/cosh 4 A (1-n)
}
(C-38)
D* 4 r = 3CA 4 [tanh 3 A(l-n)/cosh 2 A (1-n)
]
(C-39)
To shift the mesh point concentration to the wall, the
function
r = C tanh An (C-40)
was selected. Satisfying equations (C-33) and (C-34) for
this equation also gives equation (C-35) . The derivatives

of (C-40) are given by equations (C-36) through (C-39) if
n is substituted for all occurrences of (1-n) and the signs
of equations (C-37) and (C-39) are reversed. Figures C-l
and C-2 show equations (C-32) and (C-40) for four selected








FIGURE C-l. R Versus r\ for Four Selected Values










FIGURE C-2. R Versus n for Four Selected




DERIVATION OF PERTURBATION VELOCITIES
















For this case 3 = ni = and F = DF = . Restricting the
investigation to the function H for the reason expressed
in Section I and solving for u(r) gives
u(r) - + DH
r
(D-3)
Performing the change of variable
H = rQ (D-4)
DH = Q + rDQ (D-5)

u(r) = ~ + (Q + rDQ) = 2Q + rDQ (D-6)
In order to implement this derivation in a numerical
analysis, equation (D-6) was rewritten as
u. = 2Q. + r.DQ. (D-7
1 *i i *i
Performing the change of independent variable (Appendix C)
to accommodate a nonuniform mesh











)" 1D*Q(rli ) (D-10)
Substituting equations (D-8) , (D-9) and (D-10) into
equation (D-7) gives
- 1-*— * (d-ii:u. = 2Q(n± ) + r(n i )D.r i ) D Q(n ± )
For the axis offset nonuniform mesh, r(n) is given by
equation (C-32) and (D r) by equation (C-36). Substituting
into equation (D-ll) using equation (C-35) results in
66

tanh[A(l-n,)] cosh2 [A (1-n . ) ] *
ui = 2Q(V +{1 - tanh X H CA ' }D ° (V
tanh[A (1-n • ) ] tanhXcosh 2 [ X (1-n • ) ] *
" ^i^ 1 tlHmr X ^->DQ(n i )
(D-12)
For the wall offset mesh, equation (C-40) is substituted
for equation (C-32) and all occurrences of the term l - n-
are replaced by the term r\..
The value of u at the axis (u ) and at the wall (u. TLl )
o N+l
were solved for by using the boundary conditions specified






From equations (D-13) and (D-14) , using equation (D-7)
it is obvious that
u , = (D-17)N+l




UQ = 2Q(0) , (D-18)
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